[ SOGANG-HEP 310/03 I gr-qc/0308052 ] 

Exactly soluble model for self-gravitating D-particles with the 

wormhole 

Won Tae Kim* and Edwin J. Son''' 
Department of Physics and Basic Science Research Institute, 
Sogang University, C.P.O. Box 1H2, Seoul 100-611, Korea 
(February 7, 2008) 

Abstract 

We consider D-particles coupled to the CGHS dilaton gravity and obtain the 
exact wormhole geometry and trajectories of D-particles by introducing the 
exotic matter. The initial static wormhole background is not stable after in- 
falling D-particles due to the classical backreaction of the geometry so that the 
additional exotic matter source should be introduced for the stability. Then, 
the traversable wormhole geometry naturally appears and the D-particles can 
travel through it safely. Finally, we discuss the dynamical evolution of the 

wormhole throat and the massless limit of D-particles. 
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I. INTRODUCTION 



Motivated by a funny fiction, Morris and Thorne [1] fiave studied the possibility of 
wormholes and suggested some necessary properties for traversable wormholes. They pointed 
out that in order to construct a Lorentzian wormhole, the exotic matter is required, which is 
defined as the matter violating the Weak Energy Condition ( WEC) [2] . It has been defined 
by the matter violating the Null Energy Condition (NEC) and it is claimed that its amount 
is related to the Averaged Null Energy Condition (ANEC) [3]. 

As a toy model, based on the Callan-Giddings-Harvey-Strominger(CGHS) dilaton grav- 
ity model [4] , exactly soluble two-dimensional wormholes solutions are obtained [5] by adding 
ghost fields which are nothing but the exotic matter source. On the other hand, the A'"-body 
self-gravitating system in the Jackiw-Teitelboim (JT) model [6] which has the constant cur- 
vature scalar has been studied and the closed solutions are obtained for the massive particles 
[7] . This exactness without approximations may be useful in studying some nonperturbative 
physics. Recently, self-gravitating A'"-body motion described by a slightly modified particle 
action was exactly solved for the asymptotically flat spacetime by using the CGHS model 
[8]. 

In this paper, as a natural extension, we would like to study an interesting soluble 
wormhole model which is defined by D-particles coupled to the CGHS dilaton gravity, where 
the kinetic term of the usual scalar fields has a wrong sign to incorporate the exotic matter in 
our starting action. In fact, the D-branes as nonperturbative objects as RR charge carriers 
[9] have been extensively studied in the string duahty [10]. In the present study, however, the 
DO-branes coupled to the gravity are considered purely in order for the exact solubility of the 
geometry and the trajectories of particles aiming to see how the particles as a matter behave 
as time goes on and affect the geometry. The initial static wormhole geometry is deformed 
by the infalling D-particles so that the additional exotic source should be considered to 
maintain the wormhole geometry at the latest time, which is in fact due to the classical 
back reaction of the geometry after infalling D-particles. 
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In Sec. II, we shall define our model as D-particles coupled to the dilaton gravity described 
by the CGHS like model, where the action for the D-particles is written by introducing 
einbeins. Then, we shall show in Sec. Ill that the wormhole will be unstable after particles 
pass through it due to the back reaction of the geometry. In order to maintain the wormhole 
structure, the additional exotic source will be added to the original source in Sec. IV, so the 
wormhole will be stabilized within some constraints. Finally, summary and discussions are 
given in Sec. V. 



II. ACTION AND ENERGY-MOMENTUM TENSORS 



We start with D-particles coupled to the two-dimensional dilaton gravity [4] with a 
conformal scalar ghost written by 



S — Sdg + >S'g + Sd, 
Sdg^^J Sx^ge-^'^ {R + 4(V0)^ + 4A^] , 
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2^ 



SD = -'^jd'xj dT„i'(i-2„(T.))m.e-*<'M- 

a=l V 



(2.1a) 
(2.1b) 

(2.1c) 
(2.1d) 



dTa dTa 

where g^u and are the metric and the dilaton field, and is a cosmological constant. 
The scalar ghost / with the negative kinetic sign is necessary to construct wormholes. Note 
that Cq, Za, and nia are the einbeins, the particle coordinates, and mass for the A^-particles, 
respectively. The Born-Infeld type action [11] for D-particles can be written by an alternative 
form in terms of the einbein variables. 



N 

^D^^^ J d'^X j dTaS'^{x - Za{Ta))ea{Ta) 

a=l 



(2.2) 



for the massless limit in later. Compared with the conventional massive particles, the mass 
term is effectively interpreted as the dilaton-dependent mass term. 

From the action (2.1) and (2.2), the equations of motion for the metric, dilaton, ghost 
field, einbein, and the coordinates are given by 



2e-2^ - g,. (□</. - (V^)^ + A^)] = + T^,, 

[i? - 4(V0)2 + 400 + 4A2] - f d^aS^x - Za)eamle-"^ = 0, 

□/ = o, 



and 



d [ dz^ 



^dZ^dZ^ _ g-20(2a) 



dzi: 



0, 



(2.3a) 
(2.3b) 
(2.3c) 
(2.3d) 

(2.3e) 



respectively, where the energy- momentum tensors due to the ghost field and the point masses 
are written as 



MI/ 2 



I (v,/v./ - ^^,.(V/)2) , 



(2.4a) 
(2.4b) 



and einbein equation of motion (2.3d) was used to eliminate the particle mass term. Then, 
combining Eqs. (2.3a) and (2.3b) yields the following useful relation, 

e-2^[i?+2n0] =-^V / dTaS\x-Za)ea 

= 0, (2.5) 



' dTa dTa 



which nicely vanishes by using the einbein equations of motion (2.3d) and it is crucial to 
obtain the exact geometry and particle trajectories without any approximations. 

In the conformal gauge defined by = — (l/2)e^'', 51 = = 0, where — 

{x^ ± x^), the above equations of motion (2.3) are written as 



2e-^'^ 

8e-2(p+</.) 

-2 2p(2a)^^ _ ^2 -20(Za) _ r. 

dr^ dr^ """" 
-id^t\ , o -idp{za) dzt dzt 



Tl_ + T^_, 



x-Za)eamle ^"^ = 0, 



d 



dTa V " 



dz^ dTa dTa 



0, 



(2.6) 

(2.7) 
(2.8) 
(2.9) 

(2.10) 



with the constraint equations, 

2e-2^ [9±9±0 - 29±p9±0] = + (2.11) 

and the energy-momentum tensors (2.4a) are T|_|_ = —{l/2)d±fd±f and T!^_ = 0. The 
source of D-particles is written as 

Tii = 27re-^^ J] / drj'ix - ^a)e-''^^^, (2.12a) 

a a a 

T-_ = 2.e-P / cir.^^(a; - ^Je^^^^- (2.12b) 

a 

Note that Eq. (2.12b) shows that the particle source is not conformal while it vanishes with 
the help of Eq. (2.9) for the massless case. The key ingredient of the exact solubility is 
due to Eq. (2.5) written as in the conformal gauge 9+9_(p — 0) = 0, and then the residual 
symmetry can be fixed by choosing p = (j) called Kruskal gauge. 

For the sake of convenience, we now reparametrize as rUaeadTa = dXa for the interesting 
massive case. The massless hmit for D-particles will be discussed in the final section briefly. 
Prom Eqs. (2.9) and (2.10), after some tedious calculations [8], we get the following first 
order differential equations, 

5^ = AWe-^''(^»), (2.13) 

dXa 

where are integration constants which satisfy A^^A'^'' — 1 = 0, and we choose A^^ > 
in order to make be increasing functions with respect to Aq. Combining two equations 
of (2.13), we obtain the trajectories of the particles, 

4 = (A'^^riz- + B^) , (2.14) 

where Ba is an integration constant. The trajectories of the particles are given as straight 
lines in our coordinates similar to the massless source in the CGHS model. 

Using Eqs. (2.13) and (2.14), the energy- momentum tensors of the point particles (2.12) 
in the Kruskal gauge can be obtained as 
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a 



ri'_ = ^J^m.A4('J-x--i3.), (2.15b) 

where we renamed A^cl^^ to and ' = A~^. At first sight, it seems for the energy- 
momentum tensors to vanish for the massless hmit; however, this is not the case since we 
have already assumed the massive case when we reparametrize the proper time. On the 
other hand, the solution of the ghost field is f — f+{x^) + f-{x^) from Eq. (2.8). 

III. WORMHOLE AND INFALLING D-PARTICLES 

In this section, we shall obtain the wormhole geometry with the infalling D-particles by 
assuming the exotic energy-momentum densities as T^_|_ = — (/ = \/2\{x'^ — x^)), which 
is a special choice to get an exact wormhole geometry. Then, integrating Eq. (2.6) with the 
energy-momentum tensor (2.15c), we obtain the metric solution. 



e-^" = a+(x+) + a_(x-) - A^x+x- - 1 J]m„^„ J -x'-B^, (3.1) 

where a±{x'^) are integration functions determined by the constraints (2.11) as 
d±d±a±{x'^) — A^. Integrating it, the following metric solution is given by 

e-'^^D+C+x++C.x-+h'{x+-x-Y~J2'^aAj^-x--B^e(^-x--B^ , (3.2) 

where C_|_, C_, and D are integration constants. 

Next, we impose a boundary condition to make a wormhole at the region of x''' — > — oo 
where there are no infalling particles by requiring the horizon coincidence condition as 

d+e^^'^ = d-e^^^ = 0. The future and the past horizons are explicitly obtained as 

O^C^ + X' {x^ ' (3-3^) 

= C_ - A^ {x+ -x-) + ^Yl (J ~ ~ ' ^3-3b) 
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FIG. 1. This is a diagram of two-particle case; one starts from our universe (I), the other from 
the other universe(II). The solid lines denote the particle trajectories, the dotted lines are the 
horizons, and the shaded regions represent the future trapped regions. 

respectively. So, the static wormhole condition of = x~ is appUed to Eq. (3.3) at the 
region of — oo, then we can fix C± and D, 

// 11 11 

C+ = - 2] ^> C'_ = -- 2] rUaAa, and L> = y - - 2^ m„A„S„, (3.4) 

a ^ a a 

where we labeled Ylia ~ Sa + Sa^^ Z^a ~ Saef// denotes the sum over all the 
particles starting from our universe while = ^^gjy^^ means the sum over all the 

particles starting from the other universe, i.e., Uj — {a\Al < 1 or — 1, Ba > 0} and 
Uji — {alA^ > 1 or A^ — l,Ba < 0}. A diagram of two-body case is shown in Fig. 1; 
one particle is included in Uj and the other is in Uu. As a result, by using the identity, 
1 — 9{x) — 9{—x), the metric solution is represented as 

^m.A, (a;- - J + B^j e(^x--'^ + B^j , (3.5) 
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which becomes static wormhole solution [5], e '^'^ — M/X + (1/2) (x+ — x ior N — 0. 
Now, we obtain the horizon curves from the metric solution (3.5), 

= A' {x+-x-) - 1 J] maAJ (^-x~-Ba^+^J2 ~ + 



(3.6b) 



The mass (ma) dependent terms eventually vanish at the asymptotic region of x^ — > — oo, 
and the past and future horizons are coincident because of our boundary condition; however, 
both horizons are shifted by the inf ailing particles in our model whereas only the future (past) 
horizon is shifted for the lightlike inf ailing from universe I (II). It can be easily seen from the 
horizon equation (3.6) by simply setting A?^ = 1. As an illustration in Fig. 1, a particle from 
our universe shifts both horizons to the right where the future horizon is further shifted than 
the past horizon and the particle from the other universe shifts both horizons to the left, in 
this case, the past horizon is further shifted than the future horizon. Therefore, the more 
particles pass through the wormhole, the wider the gap between horizons is. 

IV. STABILITY OF THE WORMHOLE AND D-PARTICLE TRAJECTORIES 

We have mentioned that the degenerate horizons in the far past are split after particles 
passed through the wormhole. Thus, it is necessary to improve the exotic energy momentum 
tensor in order to maintain the wormhole structure even after all particles passed. To do this, 
the original background exotic(ghost) energy is corrected by T|_|_ = T^-j. + AT^_i_ such that 
the added term is AT^_|_ — A^/9± \Q {xr^ — ) — Q {xr^ — Xq )] and < 1 are proportional 
constants, and x^ and x^ satisfying x^ < xf are the coordinates where the additional field 
is turned on and off. Then, a general metric solution is obtained as 

+^(3^x' [{x+ - xtYe (x+ - 4) - (x+ -xt^e {x+ - xt) 

1 r 1 
+-/3_A^ (x~ - XqY 6 {x~ - Xq) - (x~ - x];y 6 {x~ - Xi) , (4.1) 

^ L 



where C+, C_, and D are integration constants. Prom the condition of 9+e '^^ — d^e "^p — 0, 
the future and the past horizon are given as 

= C_ - (x+ - X') + I ^ m„A„^ (^^^ _ ^- _ 

+/?_A2 [(x- - ) e (x- - ) - (x- - xr) e {x- - x-^)] , (4.2b) 

respectively. 

Requiring the static wormhole boundary condition that the horizons (4.2) be coincident 
along with the line x"*" = x~ at x"^ — oo, the same constants C± and D with the previous 
Eq. (3.4) are derived. Next, requiring the same boundary condition at the asymptotic region, 
x^ — > +00 yields the following relations. 



I' ir 



2^ (^1 \ a a ) 

where denotes the sum over all non-static particles starting from our universe and 
denotes the sum over all non-static particles starting from the other universe, i.e., 
Up — {a\Al < 1} and Uw — {a|^a > 1}> where "non-static" means dz^/dz^ — Af ^ 1. 
Note that the static cases represented by ^4^ = 1 and Ba < or Ba > are canceled out 
in deriving these relations from Eqs. (4.2), which means that only the traveling particles 
contribute to the shift of the horizon, and consequently, the correction to the exotic energy 
density is necessary for these non-static infalling cases. 

For example, let us consider a single traveling particle(A^ = 1) starting from our universe, 
then Eqs. (4.3) read (3+ > and < 0, which implies the left-handed(right-handed) 
correction term AT^_,_ (ATf.) should be negative(positive) to recover the horizon shifts, 
and the additional densities are explicitly AT^^ = —{7rmi)/{2Ai[xi — Xq )) and ATf_ = 
+ {nmiAi) / {2{xi — x^)) in the finite interval Xq < x"^ < xf. The left-handed additional 



FIG. 2. This is a diagram of two-particle case; one starts from our universe (I), the other from 
the other universe(II), and the additional fields are turned on and off at cc^ and xf. The thick solid 
lines denote the particle trajectories, the dotted lines show the horizons, and the shaded regions 
are the past trapped regions. 
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energy-momentum is larger than that of the right-handed one for xf — Xi and Xq — x^ 
since the future horizon is further right-shifted than the past horizon due to the travehng 
particle starting from our universe as in Fig. 1. Note that the right-handed source is positive 
since the past horizon was shifted right. 

As a result, the metric solution is given by 



-2p 



M 

T 



-x'-B^e 



a \ a 



X 



A2 



4AM, (x+ - x+) 



4A2 - ) 



[x —XqY^{,^ ~%)~(^ —x^Y^^i,^ ) 



(4.4) 



which becomes again a stable wormhole solution, e = M'/A + (1/2) (a;+ — a; )^ at the 
region of x^ ^ +oo, where M'/A = M/A + (7r/2) m„^„5„ - (7r/2) m„^„5„ - 
(tt (x+ + x+) /4) m„/A„ - mJA,) 



(-( 



r) /4) (-Er^^a^a + Ef'^ia^a) whilc it becomcs e-'^P = M/A + 
(1/2) (x"*" — x")^ at the asymptotic region of — oo. Considering the one-particle case 

from our universe {A\ < 1), the difference of M between the latest time and the initial time 
corresponding to the throat change is AM/A = (7rmi/2) \AiBi — {{xq + Xi) /2)A'{^(1 — A\)\ 
for Xq—Xq— xq and x^ = x^ = xi. The throat is unchanged, AM = especially for 
{2AlB^)/{l-Al)^xo + x,. 

We now obtain the i-th particle trajectory in terms of the parameter Aj by substituting 
Eq. (4.4) into Eq. (2.13), 



dXi 



\\'Ai 



for = 
for 72 ^ 



where 7^ = [(1 - A})/A^f + M [zf - x+) -M {zf - x+) +/3_Ar'^ (4Mf - 
P-A^^O (^zf /Al — Bi — xf), and CTj, k^, ^j, and are defined by 



(4.5) 
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2 



2M 



TT 



2A2 



1 

IF 



- (5i - Ba) 



5,; 



2 -^i -^1 



Ci = Ki/\^Ai, and = 2ai/\^Ai — ^~'^Q. Before getting solutions from the above two- 
differential equations in Eq. (4.5), we want to divide the worldline of the i-th particle into 
some segments intersected by worldlines of other particles. Then, 7?, (jj, Kj, and ^ can 



be considered as constants in each segment and they are represented by 7^- , u. 



Ir) (r) 



and ^l^' , where r is an index for the segments, (i) For the case of 7^^ 
the solution is easily obtained as 4 — '^i'^ {^i ~ ■^'[^^j where A^*^^ is an integration con- 
stant which can be fixed by the continuity with neighbor segments and it is of relevance to 
choose the origin of the parameter. The solution of z~ is easily obtained from Eq. (2.14). 

(r) 

Note that this solution is adequate only if cr^^ > 0, because we assumed that Zi is an 



,(r) 







increasing function with respect to Aj. (ii) For the case of 7^-^^ = and > 0, substi 



tuting a. 



(r) 



('•) H 

k) Z, 



into Eq. (4.5), we get dz^ / dXi = n'f^ rff^ drf^^ /dXi = rfi 



Ary 



Thus, we obtain the particle motion, z^ — af^'/n^p — exp 



Ary 



-K^ (A,-Af))]. Note 



that this solution is vahd for —00 < 4 < (^f^ I ■ (i") the case of 7 

< 0, the solution is the same with the case of (ii), but the valid region is different 



A^y 



and 



from that of (ii), af''/K('' < z^ < +00. (iv) For the case of 7f ^ > (7f ^ > 0) and 



{ry 



Ar) 
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FIG. 3. Two particle trajectories which are continuous at each segment 



d*"^^ > i^i'^ > 0). substituting 7f^^-2,^ 



li^'^^t^ ^^''^vf iiito Eq. (4.5), we get 



with the vahd region, —oo< 



4 = C^^/^" + i^'/^) tan [{l/2)X^ Aatht' - A^j^ 

zf < +00. The other cases are similarly obtained, (v) for the case of > (7f^ > 0) and 
^f)^ = (ef^ > 0), the geodesic equation yields = C^Vt^^ - (^A, - A^^). 



Note that this solution is well-defined everywhere except at the point 
(vi) For the case of 7^ > (7^ ^ > 0) and ^''^^ 



< (ff^ > 0), the solu- 



tion is given as 



with the 



g^Vo^^^ and ci^v7r^^ + ^r'hr <4 < 



valid ranges, —00 < z^ < Q hi 

Finally, (vii) for the case of 7^^^ = -7^^ < (7^^ > 0) and if^' > (^''^ > 0), 

7,2 r ^ / ^ r ^ n / ^ / / n\ 1 

with the 

7,2 , , , , ,,"7,2 



the solution is = -C^Vt^ + (^f Vt^ ^) tanh [(l/2)A2A7f (a. - A^^^ 
valid range, -CfM' ^" - d'V7f ^ < ^+ < -(^^ /if^^' + iV/lt^- As an illustration, 
we show the geodesic in Fig. 3 simply for the two-particle case by assuming the con- 
stants as mi = m2 = M = A = 1, A? = 1/2, = 2, Bi = -2, B2 = 1, 



Xn 



—10, and xf = —5. Then, the proportional constants are P± = v^7r/20, and 
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7? = 1 + (V27r/20) [0{z+ + 10) - 0{z+ + 5) + A0{zt + 6) - A0{z+ + 7/2)] , 7I = 1/4 + 
(v/27r/20) [^(4 + 10) - 9{z+ + 5) + (1/4)^(4 + 18) - (1/4)^(4 + 8)] . The intersecting 
point between the two-particle worldhnes is z~^ = —2. Fig. 3 shows the particle trajectories 
with respect to the parameter A. The segments in the particle trajectories are composed of 
the six segments in each trajectory. 



V. DISCUSSION 

We studied the soluble D-particle model coupled to the dilaton gravity in 1+1 dimensions 
in terms of the well-known CGHS model, and especially payed attention to the traversable 
wormhole construction and its stability. The D-particles can travel from our universe to 
the other universe with the help of the appropriately corrected exotic matter such that the 
wormhole geometries appear at both asymptotic regions. 

Generically, the coupling term in front of the particle action (2. Id) may be written as 
qO'(P{x)^ where a is a constant, then the conventional massive particle action is described for 
the case of a = 0, while the D-particle case does for a = 1 as an open string coupling which 
has been our model. Unfortunately, for the former case, we still do not know how to solve 
the model exactly; however, the latter case is exactly solved and is still interesting in its 
own right and we hope it gives some insights to the other physical models. 

On the other hand, the wormhole throat is defined by the minimum (radius) of e"^'' 
in our model which is regarded as a radial coordinate similar to the higher-dimensional 
analogue. One can easily find the throat from = 9ie~^''(^°'^^^ = AX'^x^ — (7r/2) ^^"^^0(^0 + 
Aa')eiiA-' - l)xO + + l)x' - B^) + (7r/2) Ea'^^K + K'mi - A-J)x' - (1 + 
A-2)xi + Ba) + /3+A2[(xO + - x^)0{x^ + - 4) - + - xt)0{x^ + - xt)\ - 
/3_A^[(a;° — x^ — x'^)0{x^ — x^ — x^) — {x^ — x^ — Xi)0{x^ — x^ — x^)]. In a static wormhole 
state corresponding to = with (3± = 0, the throat radius is constant, which is seen 
from e~^''(^^=°) = M/A. However, in the dynamical unstable case such as simply = 1 and 
(3± = 0, it is given by e-2''(^'=^t'hroat) = M/A - (7r/4)(3a;° + 257r/32A2)^(3a;° + 257r/16A2), 
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where we put Ai — 1/2, Bi — ior simplicity, so that the throat radius is suddenly grown 
up when the particle passes through it, then it will eventually be shrunk to zero and the 
wormhole disappears. Thus we required (3± ^ 0, in order to stabilize the wormhole if A'" 7^ 0. 

Although it has not been explicitly shown in this paper, we have considered the massless 
case with a reparametrization, CadTa — dXa- In this case, the particles become light- like and 
conformal, which is easily seen by substituting rua = into Eq. (2.2), and then they are 
independent of the dilaton coupling. And this model can be also exactly solved, which gives 
similar features. As we pointed out that the massive particles break the residual conformal 
symmetry in the equation, d+d-{p — 0) = and the model can not be solved in this frame, 
however, in our D-particle model the symmetry is naturally maintained by the dilaton 
coupling. The energy-momentum tensors for the massless limit are interestingly written as 
a delta-functional type, = (7r/2) AJ{x+ - z+), TF_ = (7r/2) A-^d{x- - z'), 
and T^_ — 0, which appeared in the CGHS model. 

The final comment to be mentioned is that the integration constants of Eq. (3.4) are 
determined by the infalling energy-momenta. Note that we just introduced the constant 
M in the constant D, which seems to be of no relevance to the infalling energy. In fact, 
the parameter M characterizes the throat of the static wormhole since we have assumed 
the static wormhole as an initial background geometry, otherwise one should consider the 
collapsing normal matter which produces the constant M from the Minkowski spacetime. 
Therefore, it should be related to the infalling energy to make the wormhole geometry. In 
our analysis, since we introduced the static wormhole as a background, the parameter just 
describes the throat of the static wormhole before infalling D-particles. 
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